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Remark 


I have a long history of eight years with the materials incorporated in this note. The problem that this 
note addresses was first introduced to me by Mr. Anil Kumar Jha and Mr. Uma Nath Niraula (both, 
in the Mathematics Department of Little Angels’ School, Hattiban, Lalitpur, Nepal) in two separate 
occasions, when I was in Grade X, around the late December of 2011. Since then (except when I was 
in grade XI), I had tried solving this problem and failed miserably on multiple occasions - which I later 
realized were due to nothing but my mishandling of the plus and minus signs. It wasn’t until I was 
in B.Sc. Second Year (late November of 2015), I solved this problem (quite tediously) using Theory of 
Equations and Analytic Trigonometry thinking that I will never be able to solve it using Elementary 
Trigonometry. Few months later (around June of 2016), I reattempted this problem and I successfully 
solved it using Elementary Trigonometry in the exact same way I intended back in the day after realizing 
that the faults in my previous attempts were simply mishandling of plus and minus signs. Today, January 
11 of 2020, merely marks the date the proofs are being typed in ATpX. This note has been dedicated to 
both of my teachers, Mr. Anil Kumar Jha and Mr. Uma Nath Niraula, with reverence and affection. 
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1 First Proof - Using Elementary Trigonometry 


1.1. Main results needed for the proof 


An elaborated discussion of the results can be found in [1], [8] and [10]. 


Two Proofs of tan? 20° + tan? 40° + tan? 80° = 33 - K. M. Bajracharya 


e (R1) : sec? A — tan? A = 1, in the domain of definition. 
e (R2) : 2cos Acos B = cos(A+ B) + cos(A — B). 


e (R83) : cos(180 — A)° = cos A®. 


A+B A-B 
+ (RA) : 0A + 00s B = 205 ( 5 ) cos ( ; ) 








1 
e (R5) : cos 60° = 5 
1 2A 
e (RG) : cos? A= a. 


1.2 The proof 
Making use of (R1), we can write 

tan? 20° + tan? 40° + tan” 80° = sec” 20° + sec? 40° + sec? 80° — 3 (1) 
Since cos A x sec A = 1, we have, 


sec? 20° + sec? 40° + sec? 80° = 1 | 1 | 1 
cos2 20° ' cos?40° ° cos? 80° 





which gives us, 
cos” 40° cos? 80° + cos? 20° cos? 80° + cos? 20° cos? 40° 
cos? 20° cos? 40° cos? 80° 
__ 4cos* 40° cos? 80° + 4 cos? 20° cos” 80° + 4 cos? 20° cos? 40° 
= 4 cos? 20° cos? 40° cos? 80° 
(2 cos 40° cos 80°)? + (2 cos 20° cos 80°)? + (2 cos 20° cos 40°)? 
(2 cos 20° cos 40° cos 80°)? 











On using (R2), the last expression becomes 


(cos 120° + cos 40°)? + (cos 100° + cos 60°)? + (cos 60° + cos 20°)? 
(2 cos 20° cos 40° cos 80°)? 





1 
We have, from (R3) and (R5), cos 120° = cos(180 — 60)° = — cos60° = a Now, 


(cos 120° + cos 40°)? + (cos 100° + cos 60°)? + (cos 60° + cos 20°)? 


1 3 Dee fd . 
— (5 + cos10") + (— costo 5] (; cos 20") 
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On expanding these squares and rearranging the terms of the resulting expression and using the 
results (R3), (R4), (R5) and (R6) wherever necessary, we get, 

















de. to A 
Z + ri + ri + cos? 20° + cos? 40° + cos? 80° — cos 20° — cos 40° — cos 80° 
1 40° ee od. 160° 
_ 3 + cos 40 | + cos 80 | + cos 160 — cos 20° — cos 40° — cos 80° 
4 2 2 2 
_ 3 3 cos 40° + cos 80° | ag? — £08 20° 
= 4 9 9 - COS 
9 1 20° 9 
=a 5 x 2.608 60° cos 20° + =e 


Now, using results (R2), (R3) and (R5) wherever necessary, we can obtain the following. 


cos 40° x (2.cos 20° cos 80°)]? 
cos 40° x (cos 100° + cos 60°)]? 


(2 cos 20° cos 40° cos 80°)? = 


— — 


1 2 
— cos 40° cos 80° + 5 x COS 10°) 


aN A ™~ 


1 1 
7 x 2cos 40° cos 80° + 5 xX COs 10°) 


1 1 ; 
5 (cos 40° + cos 120°) + 5 x cos 40" = 


I 
| are | 


Using these values, we get, 

sec” 20° + sec” 40° + sec? 80° = 16 x : 36. (2) 
Thus, from (1) and (2), 

tan? 20° + tan? 40° + tan” 80° = 36 — 3 = 33 


which was to be proved. 


2 Second Proof - Using Theory of Equations and Analytic 
Trigonometry 


2.1 Main results needed for the proof 
An elaborated discussion for the results can be found in [2], [3], [4], [5], [8], [9], [11], [12] and [13]. 














e Al: (cos? +isin 6)" = cos(n@) +isin(n@), for 0 € RandneN. 


e AQ: (wtz)"=> > "C.z’w"", for w,z € C andneN. 


r=0 
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e A3: i” = +1, for even n and i” = +i, for odd n. Furthermore, we have powers of i as 
eS) tag = land 7? = =¢ 
e A4: The general solution of siny = 0 is y = kz, where, k € Z. 


e A5: cosy = Oif and only if y is an odd multiple of a 





e AG: For the polynomial equation x* + ax® + bx? + cr + p = 0 (with real coefficients), the 
sum of roots is —a. 


2.2 The proof 
From Al and A2, we have, 
(cos@ + isin@)" = Ss" "C0" (sin 8)" (cos 8)". (3) 
r=0 


Using A3 in (3), we can conclude that those terms which correspond to odd values of r help 
us to obtain the imaginary part of (cos? +7sin@)", and we shall have the imaginary part of 
(cos@ +isin0)” as 


Im[(cos +i sin @)"] = "C, sin @(cos 0)"~' — "C3(sin 6)3(cos 0)”"> +---+ "C;,(sin 8)*(cos8)"* (4) 


where, k represents the largest odd positive integer not less than n. The choice of + or — depends 
upon the value of k. 
But, from Al, we have, 

Im|(cos 6 + isin @)”| = sin(né). (5) 


Thus, (4) and (5) give us 
sinné = "Cy sin 0(cos 6)""' — "C3(sin )3(cos 0)""? + --- + "C,(sin 0)*(cos 6)". (6) 
Using (6), we can write sin 96 as, 
sin9@ = °C\sin@cos® @ —* C3 sin? 6 cos® 6 +9 Cs sin’ 6 cos* 6 
— °C_sin’ 6 cos? 9 + °Cosin® 6. 
On simplification, this yields, 


sin96 = 9sin@cos®6 — 84sin? 6 cos® 6 + 126sin® 6 cos* 6 
— 36sin’ 6 cos? @ + sin? 6. (7) 


Note that that the identity we are trying to prove has 20° and its multiples in the left hand side. 
7 
This is equivalent to 9 in radians. This is why we seek the expression for sin 96. Since siny = 0 


and tany = 0 have same roots, consider the equation tan9@? = 0. Then, we have, sin9é = 0. 
Hence the equation reduces to 


9 sin 8 cos® @ — 84sin® @ cos® @ + 126 sin” 6 cos* 6 — 36 sin’ 6 cos? @ + sin? 6 = 0. (8) 


4 
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k 
Now, using A4, (7) and (8), we can say that 6 = = (k € Z) is the general solution of (8). Let us 


denote these values of 6 by #9. Now, from A5, it follows that cos0) 4 0. If possible, assume the 


contrary. Then, from A5, 
Thr 


(2k! + 1)5 gt = 2(9k' —k) = —9. 
This suggests —9 is an even integer as k’ and k are integers. A contradiction. Thus, cos 6) 4 0. 
As 09 represents the roots of (8), and as cos) # 0, we have, after division by cos 4p, 
9 tan 6) — 84 tan® > + 126 tan? 6) — 36 tan’ 0 + tan? O = 0. (9) 
Thus, (9) shows us that 0) represents the roots of the equation 
9tan@ — 84tan*4 + 126 tan’ — 36 tan’ 6+ tan’? @ = 0. 
This equation can be rewritten as 


(tan 0)(tan® 0 — 36 tan® 6 + 126 tan? 6 — 84tan?@ +9) =0. 


k k 
We know that 4) = = (k € Z) represents the roots of this equation. Consider the roots 0 = = 


(where k is a multiple of 9), of the above equation. Then, such roots are simply integral multiples 
of 7 and cannot be the roots of tan? 6 — 36 tan® @ + 126 tan? 6 — 84tan?6+9=0. Thus the roots 


k 
of this equation is represented by a = = where, k € Z— {9n: ne Z}. Thus, 


tan® a — 36 tan® a + 126 tan? a — 84tan?a+9=0. 
This is equivalent to 
(tan? a)* — 36(tan? a)* + 126(tan a)? — 84(tan? a) +9 = 0. 
This shows us that tan? a is represents the roots of the equation 


g — 362° + 1262" — 84¢ +9 =0. (10) 


k 
This means, « = tan? >) with k = +1,+2,...,+8,+10,... are roots of (10). Here, due to 


the tangent being squared, it suffices to consider k = 1,2,...,8,10,... and furthermore, for k > 5 


under the values of consideration, we may write the roots as x = tan?(mm +1), where m € N and 


27 37 


T 1 
1 represents one of —, and —, as these are the smallest values for which the angle is in 


9° 9° 9 
the first quadrant and the angles ee by a part of an axis with itself or the other part have been 


excluded. Thus, x = tan? (=). with k = 1,2,3,4, are roots of (10). Thus, from A6, it follows 
that 





= tan? (=) + tan? (=) + tan? ( ) ee (11) 
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Replacing 7 by 180° in (11), we obtain, 


tan” 20° + tan? 40° + tan? 80° = 33 


which was to be proved. 


References 


1 


iw) 


Co 





D 





eg) 


Ke) 














Bajracharya, Bhanu Chandra (2068 B.S.) : Essential Optional Mathematics - A Textbook for 
Class X : M. K. Publishers and Distributors, Nepal. 


Bajracharya, Bhanu Chandra; et.al. (2068 B.S.) : Higher Secondary Level Basic Mathematics 
- Volume 1, For Grade XI : Sukunda Pustak Bhawan, Nepal. 


Bajracharya, Prakash Muni; et.al. (2013 A.D.) : Fundamentals of Mathematics - For Grade 
XI: Buddha Academic Publishers, Nepal. 


Brown, James Ward and Churchill, Ruel Vance (1996 A.D.) : Complex Variables and Appli- 
cations : McGraw Hill Inc, USA. 


Das, B. C. and Mukherjee, B. N. (1996 A.D.) : Higher Trigonometry : U. N. Dhur and Sons, 
India. 


Dahal, Hukum Prasad; et.al. (2064 B.S.) : Optional Maths in Action (Class 9) : United 
Publications, Nepal. 


Dahal, Hukum Prasad; et.al. (2064 B.S.) : Optional Maths in Action (Class 10) : United 
Publications, Nepal. 


Loney, Sydney Luxton (1925 A.D.) : Plane Trigonometry - Part 1 : Cambridge University 
Press, UK. 


Loney, Sydney Luxton (1925 A.D.) : Plane Trigonometry - Part 2 : Cambridge University 
Press, UK. 


10] Pant, Govinda Dev (2038 B.S.) : Trigonometry for Beginners : Ratna Pustak Bhandar, 


Nepal. 


11] Prasad, Chandrika (1988 A.D.) : Textbook of Algebra and Theory of Equations : Pothishala 


Publications, India. 


12] Prasad, Lalji (1998 A.D.) : Theory of Equations : Paramount Publications, India. 





13] Shreshtha, Ram Man and Bajracharya, Shanti (2071 B.S.) : (Higher + Modern) Elementary 


Linear Algebra : Sukunda Pustak Bhawan, Nepal. 


